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Abstract 

Recall that a vector field on an n-dimensional differentiable man- 
ifold M is a mapping X defined on M with values in the tangent 
bundle TM that assigns to each point x G M a vector X{x) in the 
tangent space T^M. A vector field may be interpreted alternatively 
as the right-hand side of an autonomous system of first-order ordinary 
differential equations, i.e., a flow. Now we show that any flow can be 
enveloped by a conservative dynamics using a semi-Riemann metric g 
on M. This kind of dynamics was called geometric dynamics [7]- [9]. 

The given vector field, the initial semi-Riemann metric, the Levi- 
Civita connection, and an associated (l,l)-tensor field are used to 
build a new geometric structure (e.g., semi-Riemann- Jacobi, semi- 
Riemann-Jacobi-Lagrange, semi-Finsler-Jacobi, etc) on the manifold 
M ensuring that all the trajectories of a geometric dynamics are pre- 
geodesics (Lorentz-Udri§te world- force law). Implicitly, we solved a 
problem rised first by Poincare: find a suitable geometric structure 
that converts the trajectories of a given vector field into geodesies. 
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1 Geometric Dynamics 



Let M be an n-dimensional differentiable manifold. A C°° vector field X on 
M defines the flow 

(1) f^xw. 

A semi-Riemann metric g on the manifold M is a symmetric tensor 
field of type (0,2) which assigns to each point z G M a nondegenerate inner 
product g{x) on the tangent space T^M of signature (r, s). The pair {M,g) 
is called a semi-Riemann manifold. 

The vector field X and the semi-Riemann metric g determine the energy 

f:M^R, f=^giX,X). 

The vector field (flow) X on (M, g) is called: 

1) timelike, if / < 0; 

2) nonspacelike or causal, if / < 0; 

3) null or lightlike, if / = 0; 

4) spacelike, if / > 0. 

Let X be a nonwhere vanishing vector field, of everywhere constant en- 
ergy. Upon rcscaling, it may be supposed that / G { — 1,0,1}. Generally, 
S is the set of zeros of the vector field X. li £ ^ 0, then this rescaling is 
possible only on M\£. 

Let V be the Levi-Civita connection of (M,g). Using the operator — 

at 

(covariant differentiation along a solution) we obtain the prolongation 

(2) ^^ = Vci.X 

^ ^ dt dt M 

of the differential system (1) or of any perturbation of the system (1) obtained 
adding to the second member X a parallel vector field Y with respect to 
the covariant derivative V. The prolongation by derivation represents the 
general dynamics of the flow. The vector field Y can be used to illustrate a 
progression from stable to unstable flows, or converse. 

The vector field X, the metric g, and the connection V determine the 
external (l,l)-tensor field 

F = VX-g'^®g{yX), 
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F/ = V,X* - rt^, V,X^ i,j,h,k=l,...,n, 

which characterizes the helicity of vector field (fiow) X. 

First we write the differential system (2) in the equivalent form 



(20 



Successively we modify the differential system (20 as follows: 



V c/x 1 ^ ( dx\ 



(5) Z^ = g-.»<,(vX)(X) + F(X). 

Obviously, the second order systems (3), (4), (5) are prolongations of the 
first order system (1). Each of them is connected either to the dynamics of 
the field X or to the dynamics of a particle which is sensitive to the vector 
field X. Since 

g-'®g{VX){X)^gTadf, 

we shall show that the prolongation (3) describes a conservative dynamics 
of the vector field X or of a particle which is sensitive to the vector field X. 
The physical phenomenon produced by (4) or (5) was not yet studied. 

Theorem. 1) If F = 0, then the kinematic system (1) prolonges to a 
potential dynamical system with n degrees of freedom, namely 

(30 ^^^gradf. 
^ ^ dtdt ^ ■' 

2) If F ^ 0, then the kinematic system (1) prolonges to a non-potential 
dynamical system with n degrees of freedom, namely 
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Corollary. // the metric g is chosen such that f G { — 1,0, 1} on M \ £, 
then the flow generated by X is global and the dynamical systems (3' ), (3") 
are reduced to 

V^x _ V^x _ f dx\ 
~dfi~'~dF~ \dt)' 

Let us show that the dynamical systems (3 ') and (3 ") are conservative. 
To simplify the exposition we identity the tangent bundle TM with the 
cotangent bundle T*M using the semi-Riemann metric g. 

Theorem. 1) The trajectories of the dynamical system (3') are the ex- 
tremals of the Lagrangian 

2) The trajectories of the dynamical system (3") are the extremals of the 
Lagrangian 

1 f dx dx \ 1 f dx dx\ / ^ dx\ „. , 

3) The dynamical systems (3') and (3") are conservative, the Hamiltonian 
being the same for both cases, namely 

1 fdx dx\ . 

The restriction of the Hamiltonian H to the flow of the vector field X is 
zero. Obviously the values of the Hamiltonian H can be positive, negative or 
zero, even if the metric is a Riemannian metric; therefore, just in this case, 
there exist boundary- value problems associated to the differential system (3), 
having three solutions (for example, the first corresponding to constant total 
energy H < 0, the second for iJ = 0, and the third for H > 0). 

For the next theorem we recall that a pregeodesic is a smooth curve which 
may be reparametrized to be a geodesic. 

Theorem (Lorentz-Udri§te World- Force Law). 1) Every non-cons- 
tant trajectory of the dynamical system (3'), which corresponds to a constant 
value Hq of the Hamiltonian, is a pregeodesic of the semi-Riemann- J acobi 
manifold 

(M\£,^=(7i, + {)}). 
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2) Let Qij he the local com,ponents of the metric g and let F*^.. i,j,k = 
l,...,n be the local components of the connection V. Every non-constant 
trajectory of the dynamical system (3 "), which corresponds to a constant 
value Hq of the Hamiltonian, is a horizontal pregeodesic of the semi-Riemann- 
Jacohi- Lagrange manifold 

(M \£,^={n, + {)}, = -}||t" - ), I, II = oo, . . . , \). 

Corollary. // the metric g is chosen such that f e {—1, 0, 1} on M\£ 

and if we denote 

then every trajectory of the dynamical system ( 3 " ), with a^k}/'^ -\- (5 — is 
a pregeodesic of the semi-Finsler-Jacobi manifold 

{M\£, L = J=^ = □ = constant). 

2 Hamiltonian Structures on the Tangent Bun- 
dle 

Let be a 2n-dimensional manifold. A nondegenerate and closed 2-form A 
on N is called symplectic form. A manifold N with a given symplectic form 
is called a phase space. 

Let (A^, a) be a phase space, and H : N Rhe a, C°° real function. We 
define the Hamilton gradient Xh as being the vector field which satisfies 

^p{XH{x),v) = dH{x){v), yv e T,N, 

and the Hamilton equations as 

Let (M, g) be a semi-Riemann manifold with n dimensions. Let X be a 
C°° vector field on M, and u> = g o F the 2-form associated to the tensor 
field F = VX — g~^ ® gCVX) via the metric g. 
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The tangent bundle is usually endowed with the Sasaki metric G created 
by g. If {x\ y*) are the coordinates of the point (x, y) G TM and F*^ are the 
components of the connection induced by gij, then 

are dual frames. Also the metric of Sasaki transcribes 

G = Qijdx' ® dx^ + gijSy'' ^ Sy^. 

Theorem. The dynamical system (3') lifts to TM as a Hamilton dy- 
namical system with respect to the Hamiltonian 

1 fdx dx\ „ , , 

and the symplectic 2-form 

^1 — gijdx^ A Sy^ . 
Hint. Tji — gijy^dx^ , and drji — — fii. 

Theorem. The dynamical system (3") lifts to TM as a Hamilton dy- 
namical system with respect to the Hamiltonian 

1 fdx dx\ „, , 

and the symplectic 2-form 

^2 = -zOJijdx^ A dx^ + gijdx^ A 5y-' . 
Hint. 772 = —gijX^dx^ + gijy^dx^ , and dr]2 — —fl2- 

Pendulum Geometric Dynamics. We use the Riemannian manifold 
{R'^,Sij). The small oscillations of a plane pendulum are described as solu- 
tions of the differential system (plane pendulum flow) 

dxi dx2 
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In this case Xi{t) = 0, X2{t) = 0, t E R is the equihbrium point and Xi{t) = 
Ci cost + C2 sint, X2{t) = Ci sint — C2 cost, t E Ris the general solution (family 
of circles with same centre). 
Let 

X = {Xi,X2), Xi{xi,X2) = -X2, X2{Xi,X2) ^ Xi, 

f{xi,X2) = ^{xl + xD, TotX ^ (0,0,2), divX ^0. 

The pendulum flow conserves the areas. The prolongation by derivation 
of the kinematic system (6) is 



(Pxi dX2 CpX2 dxi 
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or 

d'^xi dx2 d"^ 

^ ' ~W ^ ~~dt' 'dt^ ~ dt ■ 

This prolongation admits the general solution 

Xi (t) = Oi cos t + a2 sin t + h 

X2{t) = oi sin t — a2 cos t + k, t & R. 

(family of circles) . 

The pendulum geometric dynamics is described by 

dPxi _ ^ _^ y- / _ ^ i ■ - I 2 



dt'^ dxi J \ dxj dxi j dt 



or 



. . d^Xi dx2 d^X2 c^dxi 

with the general solution 

xi (t) — bi cos t + b2smt + h^t cos t + h^t sin t 

X2 it) = hi sin t — 62 cos t + b^t sin t — bit cos t, t & R 
(family of spirals). 
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Using 



H 



dxi\ 
( dxi 



+ 



+ 



dX2 

( dx2 



dxi dx2 



-/ 



9ij = iH + f)5ij, 

AT.i — —p.i — —^ihp p.. 
iVj Ij u 1 jh, J- ij 



-, = 1,2, 



dxi 



dxj 



the solutions of the differential system (8) are horizontal pregeodesics of the 
Riemann-Jacobi-Lagrange manifold 

(i?2\{0}, ^,,-,7V/). 

Lorenz Geometric Dynamics. We use the Riemannian manifold (i?^, 
The Lorenz flow is a first dissipative model with chaotic behaviour discovered 
in numerical experiment. Its state equations are 



(9) 



dxi 

~dt 

dx2 

~dt 

dxs 

~dt 



= —axi + ax2 

— —X1X3 + rxi — X2 

= X1X2 - bx3, 



where a, r, b are real parameters. Usually a, b are kept fixed whereas r is 
varied. At 

a{a + b + 3) 
a — b — 1 

g 

chaotic behaviour is observed. With a = 10, b = -, the preceding inequality 

3 

yields Tq = 24, 7368. If cr 7^ and b{r — 1) > 0, then the equilibrium points 
of the Lorenz flow are 

X — 0, y — 0, z — 0; 



X = d!zJb{r — 1), y = d!zJb{r — 1), z = r — 1. 
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or 



Let 

X = {Xi, X2, X3), Xi{xi, X2, X3) = -aXi + (7X2, 
X2{xi, X2, X3) = -X1X3 + rXi - X2, ^3(2^1, X2, Xs) = X1X2 - bxs, 

f = ^[(-^^1 + (^^2^ + + fXl - X2f + {XiX2 - hXz)\ 

rotX = (2xi, — X2, r — X3 — cr). 
The Lorenz geometric dynamics is described by 

(fxi df / dXi dXj \ dxj . . ^ 2 3 

dt"^ dxi J \dxj dxi J dt ' ^^"^ 



dx2 dxs 
+ (a + X3-r)— -X2 — 

dxi ^ dx3 



cPxi 


df 


df^ 


dxi 


d?X2 


_ 9f 


dt^ 


dx2 


d^Xs 


_ df 


dt^ 


9X3 



(10) ^ = ^ + (--3-a)^-2x,_^^ 



dxi dx2 



Using 



9ij = {H + f)Sij 

* 3 

the solutions of the differential system (10) are horizontal pregeodesics of the 
Riemann-Jacobi-Lagrange manifold 

where S is the set of equilibrium points. 
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ABC Geometric Dynamics. We use the Riemannian manifold {R'^, 6ij). 
One examples of a fluid velocity that contains exponential stretching and 
hence instabihty is the ABC flow, 



dxi 
'dt 
dx2 
~dt 



= A sin X3 + C cos X2 

= B smxi + A cos X3 



—— = C sm X2 + i? COS xi . 

at 



This flow is named after the three mathematicians Arnold, Beltrami and 
Childress, who have contributed much to our understanding and appreciation 
of classes of "chaotic" flows of which the present one is an example. For 
nonzero values of the constants A, B, C the preceding system is not globally 
intcgrablc. The topology of the flow lines is very complicated and can only 
be investigated numerically to reveal regions of chaotic behaviour. The ABC 
flow conserves the volumes since the ABC fleld is solenoidal. 

The ABC geometric dynamics is described by 



dx' y 



' dXi dXj\ dxj . . 2 3 
dxi dxi I dt^ ^"^ ' ' 



Since 



/ = -{A-\- B + C -\- 2AC sin X3 C0SX2 + 2BAsmxi cos 2:3 + 2CBsmx2 cosxi) 

rotX = X, 

the ABC geometric dynamics is given by the differential system (12): 



d'^xi 



d^X2 



— AB cos Xi cos ^3 — BC sin xi sin X2 

dxs 



dx2 

[B cos Xi + C sm X2) —, — h 



dt 



+ (i^sinxi + Acosx3)- 



dt 



-AC sin X2 sin X3 + BC cos Xi cos X2 + (-B cos Xi + C sin X2) 



dxi 
'dt 



{A sin X3 + C cos ^2) 



dxs 
dt 
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— AC cosx^cosx2 — BAsmxismx^ — {Bsm.xi-\- Acosx^)— — h 
dV dt 



+ [C COSX2 + Asvux^)——. 

CtL 



Using 

i=5i:(t)'-p.f +/ 

9ij = {H + f)Sij 

N/ = -F/ = -S'^Fjf,, F,j -^-^^iJ^h^ 1, 2, 3 

the solutions of the differential system (12) are horizontal pregeodesics of the 
Riemann-Jacobi-Lagrange manifold 

where S is the set of equilibrium points which is included in the surface of 
equation 

sin xi sin X2 sin X3 + cos xi cos X2 cos X3 = 0. 
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